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DICEST

i

A
‘J The principles governing freeze-drying rates of heat and mass transfer
have been reviewed and defined in practical terms.

The various methods and resistances to heat transfer are discussed
and practical use is made of the equations presented.

Mass transfer through the various phase changes is discussed. Theo-
retical discussions of the mode of mass transfer at each step and suitable
relationships are develcped which describe the limiting conditions for the
mass transfer rates. By use of the over-all mass transfer equations, rates
of drying and total times required may be determined.

Sample calculations illustrating the use of the relationships and
theoretical considerations are included.
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I. INTRODUCTION

Freeze~-drying is a method of drying materials by sublimation, using
low temperatures and reduced pressures. It is generally employed where
heat-sensitive materials must be processed to a dry state. The principle
used is one in which the material to bz dried is frozen in some convenient
form; slabs or pellets are most frequently used. The frozen material is
then subjected to a high vacuum which is below the vapor pressure of water
at the temperzture of the material to be sublimed. Under these conditions,
the ice (or frozen material) sublimes from the frozen mass and is collected
on a cooled condenser whose temperature is such that the vapor is desub-
limed. As sublimation continues, heat is withdrawn from the material being
dried. In order to maintain the temperature of the material high enough so
that the sublimation process will not stop, heat is supplied to the material
from an evaporator, The rate at which heat is supplied is dependent on the
drying cycle desired.

A typical apparatus consists of a horizontal, cylindrical body contain-
ing a horizontal evaporator and condenser. The evaporator and condenser
consist of plates or coils in which a suitable heating and cooling medium
may be circulated, Cast metal with a high thermal conductivity and a
blackened surface to increase transfer of heat by radiation is used as
material of construction for the trays which hold the product to be dried.
The material trays may have ribs cast as an integral part, to provide more
uniform heat transfer through the layer of material being dried., Sources
of refrigeration, heat, and vacuum are connected to the dryer in order to
provide proper programming of heat transfer.

Figure 1 shows a typi.al inetallation, including the arrangement of the
basic components of the batch system. This report covers the theory of
freeze-drying by the batch method, but does not covar_}heory specific to
continuous systems such as that described by Maister.=/®

* See Literature Cited.
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ITI. THEORY OF HEAT AND MASS TRANSFER

A. GENERAL CONSIDERATIONS

The process of heat transfer in freeze-drying can be stated as follows.
Heat must be transferred from the heater, through the evaporator shell,
through the vapor space, through the frozen material to the interface
where sublimation is actually taking place., Heat is also transferred from
the desubliming vapor to the ice surface, through the ice cake and the con-
denser wall ‘to the refrigerant, where it is absorbed and carried off.

The process of mass transfer begins at the subliming interface, The
vapor formed there passes through the porous cake of previously dried
material and into the vapor space separating the material and the condenser.
From here it passes to the interface between the vapor space and the ice
cake where it is desublimed and the process of mass transfer is ended.

It is these several steps of heat and mass transfer that actuaily
govern the rates of drying.

1., Drying Stages

There are two stages in the drying process: the constant-rate
period and the falling-rate period. The point which separates these two
periods is termed the critical moisture content (CMC), Experimentally,
this point is determined in the drying process when the temperature of
the drying material begins to rise, because the constant-rate period is
characterized by a constant temperature of the material. The CMC repre-
sents the point where all of the free moisture has been removed fram the
material,

Molochnayag/ has proposed the following equation for the moisture
content at this pcint:

0.5 .
A () w2

We © (pm)O,Z (1)

where A = empirical constant (for gelatin, 6410)

2h = thickness of specimen being dried
Pm = pressure in system

tm = final temperature of specimen

w, = CMC



Lambertg/ gives this equation:

- Eq
e T s (2)
where;{s = heat of sublimation

(353) - {1b water sublimed)/(total watt-hr used)

Eq

During the constant-rate perind, heat is supplied at a constant
rate to the dryer. The faster heat can he supplied under the limitations
of the heat and mass transfer rates, the faster the drying process. This
heat is transferred through the cake and used to sublime the ice. A1l of
this added heat is used in sublimation, allowing the material to remain
at a constant temperature, Once the CMC is reached, the temperature of
the material begins to rise because all of the free moisture has sublimed,
resulting in less evaporative cooling, At this time, the heat t¢ the dryer
must be reduced to prevent overheating of the material and possible meiiing
of some portions. The amount of heat reduction is dependent on the rates
of heat and mass transfer. At the fir.t evidence of temperature increase
at any point of the material the heat should be reduced to avoid toasting

at any one point, even though there may be free water gemaining in other
portions of the material, )

Methods of heating include resistance wires, induction heating,
high-frequency fields, dielectric heating, and infrared lamps.

In Jlosdorf's bookﬁ/ Greaves points out that ihe contrnl of the
sut.ply of latent heat of sublimation is the most important single factor in
freeze-drying rates. How quickly heat can be applied will depend upoa:

(a) Capacity of refrigeration at condenser temperature reading;

(b) Highest safe temperature at which material may be dried (for
a given heat input, this temperature depends upon the degree of obstruction
to vapor flow and upon condenser temperature);

[

(c) Highest temperature at which it is safe to operate heaters; and
(d) pate of transfer of heat through frozen material,
The heat :pplicd to the frozen material during drying produces a vapor
pressure difference between the evaporating and condensing surfaces. This

refiects a difference in temperature between the two surfaces.

Since rate of floy depends upon heat input (Clapeyron's equation),
a formula may % written:



Ar
Rat ffi = = (K) - (Watt 3
eo o obstructive resistance (K) (Ratts) (3)

whereZ&P = vapor pressure difference

K = volume constant in watt-hours per milliliter

Greavesé/ defines the unit of obstructive resistance as that which,
under a vapor pressure difference of 0.01 mm Hg, passes vapor at the rate
at which it is liberated by a heat input of one watt. Therefore:

R 100
where P = vapor pressure across the resistance in mm Hg
R = obstructive resistance

H = heat input in watts
2. Optimum Cycle

During the first stage of drying, heat must be introduced into the
frozen material as rapidly as possible without causing it to soften or
melt, At the same time, a maximum rate of flow of water vapor away from
the evaporating surface must be established, To accomplish this rapid
vapor flow, adequate passageways must be provided for the vapor, whick
must then be condensed o1 evacuated efficiently. However, rupply éf/heat
to frozen material is the controlling factor, according to Greaves.

The basic limitaiious listed by Greaves§/ include:

(2) Heat must not be carried to the walls of the container which
holds the product fasier than the heat can be conducted through the frozen
mass to a free surface where it is used to induce sublimation, Otherwise,
melting #ill occur adjacent to the container wall.

(b) Heat can be carried down directly to the evaporacing surface
to avoid conductance through ice, but even here there is a limitation, As
soon as sublimation has proceeded to an appreciable extent, the ice layer
has receded from the level of the original surface so that the evaporating
surface is confined within the interstices of the outer frame-work of
porous dry solid. The heat must then be carried across this porovz struc-
ture, but the temperature of this dry portion of the material must not be
brought up to the level at which it is harmed.




Flosdorff/ has determined that the difference between the partial
pressure of water vapor that can be established within the vacuum system by
the condenser and the vapor pressure of the evaporating material determines
the theoretical maximum flow rate of vaper. The vapor pressure of the
material at the temperature at which it should be dried determines the
temperature at which the condenser should be maintained. Differential
pressure between the partial pressure and the vapor pressure is the
driving force.

For each of several temperatures there is a minimal temperature of
condensing surface, below which there is very little further increase by
further reduction in condenser temperature. To illustrate this poinmt, x
on each curve in Figure 2 represents the condenser (ice) surface tempera-
ture giving rise to maximum differential according to the Napier equation
(laws of adiabatic gas flow through orifices), assuming no restrictive
orifices in pipe lines, etc., other than in the interstices of the porous,
dry, outer layer of material itself. Tnis applies to the first stage of
drying when ice is being sublimed.

Further, as drying proceeds, it is iimited in rate by diffusion of
vapor through the interstices of the porous dry outer iayer of material,
#hich act as orifices. By the Napier equation a differential between the
vapor pressure at the surface of the condenser and the vapor pressure at
the ice surface within the material, where the former is 55 per cent of the
latter, will result in the maximm rate of flow obtainable. For example,
this condition is satisfied by a material temperature of -18°C (fer ice)
znd a2 condenser temperature of -25°C, The drying time is 21 hours.

During ancther run with a condenser temperature of -40°C, the dry-
ing time was the same but the jacket temperature of the drying chamber had
to be raised from 80 ¢ tu 90°C in order to keep the material at -18°C. 1f
the jacket temperature had not been raised, drying would have been retarded
to 27 hours, with a -40°C condenser and the material at .bout -329C. The
pressure was 500 microns in both casers, but if the jacket had not been
raised to 90°C with a -40°C condenser, this pressure would have had to be
decreased to 225 microns. The efficiency of transfer of heat to the
material is all-important in rapid drying, provided that the ice-condensing
surface is below the critical level discussed above for obtaining the most
rapid flow of vapor.

Reduction of the vapor pressure on the condensing surface to less
than 55 per cent of the pressure on the drying side of each orifice, by
laws of adiabatic gaseous flow, can produce nc further increase in rate
of flow tnrough the orifice. In other words, beyond a certain point lower-
ing the temperature of the condenser cannct compensate for small vapor
lines or restrictions.
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By use of condensers of great surface having constant efficiency
and by a proper balance of all other factors concerned, a very important
practical conclusion is obvious as a result of applying the law of flow.
It becomes necessary to accept an ice surface with its poor heat transfer,
However, by use of condensers of large surface area where the heat to be
transferred per unit area is kept small, a higher surface temperature is
adequate, Thus a higher temperature of refrigerant can be permitted.
Condensers may be operated at temperatures much above any originally
believed possible without sacrifice of effectiveness. With material at
-21°9C, a temperature of ice on the condenser of about -27°C produces a
vapor pressure equal to 55 per cent of that of the material; thus a
lower temperature at the ice surface is no advantage. Also, for greatest
efficiency, the temperature of the material being dried must be no lower
than necessary.

The final temperaturz to which the material may be taken in the
second stage of drying and the vapor pressure of the product at that
temperature also have a bearing on the required temperature for the con-
denser or pressures nceded in direct pumping. This is related tc the
final residual moisture content obtainable. Vhatever the vapor pressure

of the dry product, the condenser or pump must establish a pressure that
is lower.

In cases of hygroscopic products not stable at higher temperatures,
a regenerable desiccant, either calcium sulfate or perchlorate, may be
used advantageously to yield a low partial pressure of water vapor during
the final stage. Since such a small actual weight of water is removed in
this stage, regeneration of the desiccant is infrequent. This is a less
expensive means than refrigeration to produce lower final condenser
temperature or a steam ejector for laver total pressure.

B. SUBLIMATION
1. General Considerations
.B. Lambert presents a ver)y complete review of sublimation in his
thesis.3/ Almost all of the material that follows has been taken from this
work, Equations generally apnly to slabs, but with appropriate mathematical

manipulation may be apolied to any shape.

At the subliming interface, the absolute rate of sublimation, wg*,

W =CTPS* ,/§?¥%§;; (s)

is:
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where Cf = accommodation coefficient
P # = vapor pressure in equilibrium with Tg#
T # = temperature of subliming interface in degrees, abs.
MY = molecular weight of subliming substance
R = gas constant

The accommodation coefficient is used to compensate for the fact
that some molecules collide with the interface and may be reflected instead
of sublimed, Since the state of the gas does not affect the total rate of
vaporization, Equation (5) is used to calculate evaporation rate under
nonequilibrium conditions.

Previous investigations take the net sublimation rate, w, equal to
the difference between evaporation and condensation rates at the interface,
calculated by Equation (5) and assuming temperature equilibrium but not
pressure equilibrium at the interface, therefore:

i —
. = P % / — v - P 1 = W % 1_ po
¥ = Fs" yoTTRTg# ~ "O\2TTRT % s 5 (6)

where Py = initial vapor pressure of gas

The same accommodation coefficient is used for evaporation as for condensa-
tion.

Schrageﬁ/ cites an error in this reasoning. Equation (5) for cor
densation assumes that molecular velocity distribution of gas in the vapor
space is Maxwellian with respect to coordinates fixed in space. Since net
mass transfer occurs, the system is not in equilibrium and ordinary Maxwell
distribution does not apply. Schrage assumes that gas velocity distribu-
tion becomes Maxwellian with respect to the molecular stream velocity in a
very few mean free paths from the interface. Therefore:

_ MK Py T.#|1/2
LA —(7?0 ZTTRT, rﬂ=- TF EE_ [7WS* (7)
0
where r1= correction factor to Equation (5), which is itself a function
of net mass transfer rate,
T, = gas temperature at interface, K°
w_, = absolute condensation rate at interface

- = w—. e

o ——
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The factor r1is defined by equations:

¢ - i () (][R 2
2771 2 LA Py Tg# (©)
2 s
. e¢ -gbrrl/‘ (1 - erfcy) (9)
rx 2

v = l -X t 1
where erfcy E;:T7§ ,Le dx, the error integral,

Addition of total evaporation and condensation rates from Equations (5)
and {7) yields net transport:

. r '32_ Tg* 1/2
Vo= ¥y [ - P T;_ r“ (10)

is equal to one, If P /Py* is eliminated from Equations (9) and (10),() may
be plotted as a function of w/wS*. Values of are then calculated from
various w/wq% values by using Fquation (9) with the plot shown in Figure 3.
In applying Schrage'sZ’ theory to the case of TO/TS* = 1 for net evaporation,
the ratio P,/Pg# decreases with w/wg#; it increases for net condensation.
Schrage's modified theory predicts these critical or maximum mass transfer
ratios:

The factor | is uniquely related to w/wg* for the special case where ;E{TS*

w/wg* 2 0,77 Furoavanoration

ww # = 13 for condensation
The above theories should be applied to mass transfer processes not far
from equilibrium. The accommodation coefficient for ice-water has been
found to be one, assuming no temperature dependency,

N . ird . . - . ) B - -
Kramers andi stemerdlngL/ give equivalent eguations for sublimation
rates. On the basis of Knudsen's formula, they propose a theoretical

sublimation rate, w,:

M
wo = TT L,
where M = molecular weight of evaporating substance

7Tes

vapor pressure of evaporating substance
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R = gas constant
Tes = absolute temperature of surface

This assumes an accommodation coefficient of unity, which implies
no rebounding of any of the molecules on collision.

In freeze-drying practice a similar formula is used:

T M
w = f t, [ ———
Nag\ /2R Teg = T ™o (12)

where f  the coefficient of evaporatien, is between zero and ome.

In this formula the following effects causing w to be less than wo
may have been collected:

(a) Accommodation coefficient is less than one,

(b) Pressure in vapor space is not zero, so that vapor molecules
have chance of returning to the evaporator surface, This pressure will be
at least the vapor pressure (7lcs) of the condenser surface, which is
eventually increased as a result of resistance to vapor flow from the
evaporator to the condenser either by diffusion through noncondensable
gas {air) or by wall friction, The latter effect is important in freeze
drying because the layer of dry product obstructs this flow.

(c) (f, the accommodation coefficient, may be limited by the ru¥e
at which heat is being supplied to the evaporator and by the rate of +.i4a-
drawal of the vapor by condensation, absorption, or pumping:

0= 0.94 £ 0,06 for ice =60°C ———3 -85°C
If there is no frictional resistance between evaporator and condenser, and

if the total water vapor plus air pressuie in the system is ® = (P + 7 ),
the rate of sublimaticn is given by:

i
W =¥, o) ey, P =TT
\ Mes| RIL P-T (13)
where M = molecular weight of evaporating surface
R = gas constant

D = coefficient of diffusion




P = total pressure
T7' = partial pressure of water vapor

5 = average absolute temperature

1 = distance from evaporator surface to condenser surface
Tes = partial pressure of evaporating surface
Tlcs = partial pressure of condensing surface

The theory is that two resistances exist, in saries, to the transfer of
3 H H

vapor. The term wo (1 - ZI;) gives the net transport by free evaporation
es

between the evaporator surface ;2@ t?e(gdjacent vapor, which has partial

water vapor pressure /1, (Tles £ 77" € flcg)- Te right-hand expression

represents the diffusional flow of water vapor through air from 7 ' near

the evaporator to 7153 at the condenser surface, over distance, 1, between

then,

2. Special Cases

_ 1, If the air pressure at the condenser is relatively lov, or
P = T4 then alsoT['= P, giving
L 1‘58
B—WO _1‘

\ e 14)

2. If w is much less than w,, e.g., by an insufficient supply of
heat, it follows from Equation (13) that 7' = Tleg. In the absence of

air this means that 77 ¢ =77.. i.e., the surface temperatures of evaporator
and condenser are equal, In he presence of air the equation becomes:

R (P Tes

RT1 P-TT,, (15)

w =

where the symbols are the same as those in Equation (13).
3. Application

For the application of the theory, a McLeod vacuum gauge gives
the total pressure, P*HZO + P% air, and the ice surface temperatures tes
and t;q have to be known. They can be derived from the measured tempera-
tures tp and t; by correcting for the temperature drop over the layer of
air. The latter quantity can be calculated from the heat flow corresponding
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to the measured rate of sublimation and the thickness and thermal con-
ductivity of the ice layers. In experiments carried out for t, between -20°c
~-35°C and t. between -30 °c and -37°C at an air pressure less than one
micron of mercury, the rate was of the order 10~4 gm/cmzsec- i.e., two
to four per cent of the maximum rate at these temperatures. Consequently,
in these runs tgg is approximately equal to t.q. From the measured
temperature differences, to~t., and the corresponding rates cf evapora-
ion and ice thickness, the thermal conductivity was found to range
between 5,0 x 10~3 and 6.1 x 10~3 calpries per centimeter degree Centi-
grade, g1v1ng an average value of 5.7 + 0.4 x 103 at z mean temperature
of ~25°C, The agreement with the generally accepted value of 5.7 x 10-3
at -20°C is satisfactory.

The following situation demonstrates the existence ¢" a maximum rate
of evaporation, Ice is evaporated at a certain ccastant rate with a con-
denser temperature of about -30°C and lowest possible residual air pressure,
so that teg = t;g. If the condenser temperature is lowered and the sub-
limation rate remains the same, a difference betwsen tgog and t begins to
appear, It increases in such a way that flnally tes will become constant
for very low condenser temperature, This is shown in Figure 4.

It is evident that at the corresponding temperatures teg and t.g,
these are the maximum rates which can be compared with the equation w = v,

(l - 7f§: . As an example, the lowest curve has a point t,q = -579C, tog =

-64°C. With these values, w gives a rate of 1.3 x 10~4 gm/cmzsec, whereas
the measured rate was 1.2 x 10~4. Agrcement is good, showing an accesmoda-
tion coefficient of nearly 1,0.

Table I presents data for air pressures less than one micron of
mercury.

The values of unity for “exptlwchc support the above theory. This
is especially important, because in most experiments the mean free path of
the molecules was less than the distances, 1, whereas Equation (13) is
generally accepted only for cases in which the mean free path greatly
exceeds 1. Since Equation (13) has been derived from an accommodation
coefficient of unity, these results show that this assumption is very
probably correct in the temperature range from -40 to -60°C,

Only at low condenser temperatures and at relatively great distances
between the evaporator and condenser are rather small weytp/Weaic ratios
found. Probably, wall friction and, to a minor extent, the pressure of the
residual air are responsible.
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TABLE I. SUBLIMATION RATES FOR ICE AT PRESSURES LESS THAN
GNE MICRON OF MERCURY

Calculated? Experimental
Sublimation Sublimation

Rate, 104 Rate, 104 w_expt.

ﬁ/mm tes 9°C tes ,oC tes-cs ’OC gm/cnizsec gm/cmésec w calc.
12 -44.0 -47.9 3.9 3.6 5.21 1.4 2 0.2
-49.2 -57.0 7.8 3.6 3.54 1,9 £ 0.15
-52,6 -61.8 2,2 2.4 2.09 0.9 £ 0.15
-54,8 -65,5 9,3 2.0 1.55 0.8 % 0.20
-57.0 -64,9 7.9 1.5 1.16 0.8 £ 0,15
-58,8 -84,4 5.6 0.80 0.59 0.7 £ 0,15
-61.7 =70.0 8.3 0.75 0.675 0.9 £ 0.05

20 -41,3  -47.6 6.3 7.0 6.60 0.9 £ 0.95
-46,2 -52.7 6.5 4.4 5.00 1.1 0.1

-46,0 -54,6 8.6 5.1 3.72 0.7 £ 0.1

~50,4 -58.9 8.5 3.1 3.31 11%0a

-50,4  -58,6 8,2 3.0 2.78 0.9 £ 0.1

-52,2 -62,2 10.0 2.6 2.23 0.92 0.1
-54,3 -64,2 9,9 2.0 1.60 0.8 % 0.05
-56.4  -66,7 10.3 1.6 1.15 0.7 £ 0.05
-61,3 -70.1 8.8 1.0 0.607 0.6 ¢ 0,05
44  -43,2  -47.6 4,3 4,3 2.70 0.6 £ 9.05
-48,3 ~60,8 12.5 4,5 2.30 0.5%0.1

-49,0  -59.4 10.4 4.0 2.65 0.7 £ 0.1

-51.2 -61,7 10.5 3.1 1.86 0.6 £ 0.1

a, Distance between evaporator and condenser,
b, Calculated by Equation (13),

In a number of runs with constant evaporation rate and condenser
temperature, the air pressure was increased in a2 few steps from 10-3 t0 0.4
millimeters of mercury. This caused the evaporator temperature to increase
correspondingly. From temperature and pressure measurements, P and Trgq

were derived; T{" could be calculated from Equation (14): w = W, (1~ 'lT_:_) .

Tles
Only for high air pressures was the difference between Tleg apd Tr' insig-
nificant, Thus, from each run, two to six values of (P- 7]")7[(1P- n::s) were
obtained,
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It will be seen from the following equation that, for a constant
sublimation rate and average zbsolute temperature T, this form has 4= be
independent of pressure. So for each run the average value (P- 7T')/
(P—i?;s) was calculated as shown in Table II.

TABLE IY. SUBLIMATION RATES FOR ICE WHEBE PRESSURE INCREASED
FROM 1073 T0 0.4 MILLIMETERS OF MERCURY

Iﬁtfli‘os/2 ¥ [p . m a/ P _-Tr'
w expE§104 - i = —

20 0.48 -20 254 0.41 0.66 0.68 = 0,03
0.48 -35 241 0.42 0.66 0.65 £ 0.02
0.60 -50 229 0.54 N.58 0.56 £ 0.02
0.76 -39 238 0.67 0.51 0.60 £ 0.08
0.84 =37 243 0.74 0.48 0.49 % 0.08
0.95 -36 240 0.84 0.43 0.48 £ 0.08
1.06 -48 235 0.%4 0.39 0.29 £ 0,04
1.42 =36 241 1.25 0.29 0.49 £ 0.10
1.68 -44 236 1.49 0.23 0.22 £ 0.06
44 0.57 -46 233 1.01 0.36 0.40 £ 0.08
1,05 -47 235 1.98 0.14 9.15 £ 0.05
2.05 -44 238 3.60 0.03 G.17 £ 1,05
a. Calculated by Eguation {17),
For comparison with
DR (B Tles
¥ TR ‘P N & (15a)

use has been made of the approximate proportionality between the diffusion
coefficient D and T3/2/?, thus

DP _ DoPq =
T To3072 \/T_

(18}
Subscript refers to values at 0°C and one atmosphere. Substituting
Equation (16) becomes:
P-T" Rt 3/2 1w
T = expt RTo /
P-Tl.q DoPM T (17)
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In Equation (17) w is the mass flow of water vapor per unit
surface c¢f the diffusion space.

In the experimental arrangement, the surface available for diffusion
wag circular, 75 millimeters (mm) in diameter, a distance of about six mm
from the evaporator surface. For the rest of the distance, 1, a diameter
of 96 mm was available. From this, the average flow density ¥ can be cai-
culated to be 0.73 Wexpt for 1 = 20 mm and 0.66 Wexpt for 1 = 44 mm. These
values were used in the computations for Table II,

Bradishé;g/ quotes Knudsen that the maximum rate of vaporation
from an ice surface at absolute temperature T is expressed by the equation:

6 _=o0.24a0 ot 2
max =~ -° —; gn/cm“sec (18)

where Pt = equilibrium vapor pressure of ice in mm Hg (sat.)
0.244 = function of molecular weight of vaporizing material

0= condensation coefficient, which expresses fracticen of vapor
molecules entering mass of ice, following collision with its
surface

T = absolute temperature

Bradish accepts Cf'equal to one. Implication of Cfequal to one is t .
every molecule colliding with the ice surface is immediately condensed,
although it may be evaporated later. Thus, every molecule leaving the
evaporating surfaces will suffer collisions in the partially dry material
and interspace and will eventually collide with and condense on the surface
of the frozen material or the condenser ice. Effective rate of sublimation
is not equal tc the rate of vaporization from the surface of the frozen
material, bu'! to thr mass of water vapor actually transferred in unit time
from frogen material to condenser ice.

C. HEAT TRANSFER IN FREEZE DRYING

Lambertg/éives the following equation for conductive heat transfer in
freeze drying.
>

t, - ts
+

W o= T.8 ,X '
As [h'&?g 1?{+Ri]

(19)
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where ¥ = drying rate per unit area
h = heat transfer coefficient of heating medium

B

thickness of containing wall

)

]

distance from containing wall to subliming interface
R; = resistance at container ice boundary

t,,*z temperature of heating medium

ky = thermal conductivity of container

ty = temperature of subliming surface

As = heat of sublimation

k; = thermal conductivity at container ice boundary

As the ice is completely sublimed the temperature of the product
rises. According to Abelow snd Flosdorf,10/ this represents maximum
dehydration as far as is possible at this stage of the cycle. When the
product reaches a properly chosen control temperature the heat imput is
reduced by allowing the platen temperature to drop. The product tempera-
ture is allowed to rise to a predetermined balancing temperaturzs equal to
the final temperature of the platern., The product is retained at this
temperature over the so-ceiled balancing-out pariod.

Abelow and Slosdorfl0/ concluded that, compared with the flat-
tray design, ribbed-tray design with a given loading yields greater cut-
put at any usable temperature condition tested. In addition, ribbed
design, compared with flat design, shows more rapid increase in output
as heating intensity is increased. To compensate for volume occupied
by the ribs, the leyer of product should be thicker to maintain comparable
tray loading based on drying platen area. Actual metallic tray heating
surface to which pellets were exposed in ribbed trays is approximately
215 per cent greater than in flat trays.

The 100° to 40°C heat range with black ribbed trays produces the
best output with acceptable final content of residual moisture.

In order to calculate the rate of drying during the constant-rate
period, either the mass transfer equation or the heat transfer equation
may be used:

Mass Transfer: w = k'y (Hj-H)A
hy (t-ti)a

Heat T fer: =
eq ransier w T (20)
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where w = rate of evaporation, pounds per hour

A = drying area, square feet

hy = heat transfer coefficient, Btu/(ft2) (hr) (°F)

k'y = mass transfer coefficient, 1b/(ft2) (hr) (unit humidity

difference)

H; = humidity of air at interface, pounds Hy0/pounds dry air
H = humidity of air, pounds Hy0 per pounds dry air
t = temperature of air, °F

t; = temperature at interface, °F

S
[T
"

latent heat at temperature, t;, Btu per pound

When the air is flowing parallel with the surface of the solid, the
heat transfer coefficient may be estimated by the dimensional equation:

hy = 0.128 G0-8
where G is the mass velocity in 1b/(ft2) (hr)
%hen the flow is perpendicular to the surface, the equation is:

_ny = 0.37 6037,

D. INTERPHASE MASS TRANSFER

Fronm Schrage,ﬁ/ at the evaporator:

P 74 1/2
= |1 - (10 s
s 7| (n] T (21)
v 1/2 .
Z . T
w = (j?ls [Psw - Po tT:—-) FSJ (21a)

we¥
vhere A = o5 ___ [ MW Pounds

TOPF T 27 R (mmlg) (£t2) (hr)
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t = i d illimet f -
For water, ﬂ; (Ts)(°R) :zugg:nfsogsﬁoﬁi imeter of mercury

For the condenser:

v ([ 2
¥s* ¢ |Tc re ™t (22)

v = 0f [P, )1/2

Tc¥*
Te

. = Be* (22a)

T, P.* = temperature and equilibrium vapor pressure of ice,
at condenser interface

Po, To = true interfacial values in gas phase.

Accurate Approximation:

g=1
(T #| 1/2
_EL) =1

Te

E. MASS TRANSFER THROUGH DRIED MATERIAL

Movement of water through a partially dry cake of material above the
subliming interface is attributable to one of the following:

(a) Bulk flow under a pressure gradient
(b) Diffusion of water vapor in gas phase
(c) Liquid diffusion through solid

During the constant-rate period, drying usually occurs from the receding
ice zone; during the falling-rate period drying proceeds through the
dried cake.

The actual structure of the dried layer is affected by solids content,
type of material being dried, rate of freezing, solids redistribution
during freezing, and shrinkage due to thawing during drying.

Strickland-Constable and Brucell/ developed the following equation
for the flow water vapor through freeze-dried clay:




26

(Ar)?
¥ TRal (23)
where w = drying rate
L = thickness of dry layer
Rm = specific resistance of the material being dried

Ar

As the downstream pressure is negligible,ZXI’is equal to the equilibrium
vapor pressure at the temperature of the subliming surface. The above
relation has doubtful application.

pressure drop tnrough the cake.

Stephensonlg/ and Carmanl§/ combined classical diffusion and kinetic
theories to characterize mass transfer in vacuum distillation or sublima-
tion. Three operating regions were identified by ratios of equilibrium
vapor pressure at subliming interface, PS*, to total pressure, JT ,

Region Ps*/ff' Rate-Controlling Step

1 <1.0 diffusion between evaporator and condenser

2 >1.0 molecular sublimation, interphase mass transfer
controliing

—~

3 =1.0 transition region, neither process controlling

Linear velocities of water vapor may be sonic in pores of dried material
atove subliming surface, if the resistance to vapor transport in these
pores is high. Thus, when the critical pressure ratio for water vapor of
0.55 is reached; a further decrease in the downstream (space between
evaporator and condenser) pressure has no effect on drying rate or sub-
liming surface temperature. This effect has been observed by Flosdorf.lé/

The Grashof Number (&;r) was also used for correlation of heat and
mass transfer data:_E/

3
_ [ & _ MoTe
el a5 [ oA

] (24)

where g = acceleration of gravity
L = characteristic length of system
U = kinematic viscosity
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M = molecular weight
T = temperature
subscripts:

o = evaporator

¢ = condenser
h = heat
m = mass

Jacob indicates that with heat transfer Ngr as low as 1600, free
convectional contribution to heat transfer in an enclosed horizontal
air layer is rczligible. Therefore, it seems unlikely that free con-
vection mass :iensfer is a significant factor in freeze drying, as Ngp
is almost always below 1100.

Guthrie and Wakerlingl6/ show that turbulent flow is rarely a con-
sideration in vacuum work below 2 mm of Hg. The same authors give the
following criteria which define the free molecular and viscous regions
in terms of the Knudsen number:

Free molecular flow (turbulent) Nxn >0.33

Transitional region 10’2<;NKn < 0,33

Leminar flow {viscous) Ng, <10-2

where Ngp = 1/L
1 = mean free path
L = shortest dimension characteristic of flow channel
1= 1/p

In commercial freeze dryers the flow from the evaporator to the con-
denser is almost always laminar. Flow through partially dry solid above
the subliming surface is usually free molecular or transitional.

Bulk flow under a pressure gradient through a porous cake may be
free molecular, transitional, or laminar; although free path considerations
indicate that free molecular usually predominates. For free molecular
flow, collisions between gas and solid moleculer are the most frequent,
and flow of water vapor is independent of air pressure. Drying probably
occurs by process of successive evaporation and condensation.
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Assuming drying takes place cnly at the free ice surface, Guthrie and
Hakerlinglﬁ present a relation for free molecular flow through a channel
connecting two regions of different pressure derived from the theory of
Equation (5). This expression is adaptable to the flow of water vapor
through a porous dry layer if a suitable dimensionless constant (correction
factor) Kgp, dependent or flow geometry and void fraction of material being
dried, is added. It is further assumed that partial pressure of Hp0 variez
continuously with cake thickness:

Whe = bulk flow rate, mass/time-area
d = average diameter of flow chamnel (ice crystal diameter)

1}

As

For the transitional flow region, Khudsenlz/ has derived the formula
for pressure drop in long circular pipes. This formula is analogous to
Equation iZ?) except for a multiplying factor, J(Ngn). Guthrie and
Wakerling_§ have tabulated this factor for various Knudsen numbers.

By introducing this term, Equation (25) may be applied to the present
case,

defined in Equation (21a)

Intermoiecular gas phase collisions are most common in the viscous or
laminar region, and flow 7ate is rot independent of the air prescure. The
starting point for most investigations cf flow through porous meuia ia
Darcy's Law:

- FO d;?": ‘5 d
"bf"%_ ax uiu_o "&p (26)

where L[/= cake permeability in units of (1ength)2
f% = average gas density in the cake
A= gas viscosity

The right-hand side of this equation is approximately correct, since the
partial pressure of the air in the cake is usually small compared with the
partial pressure of the water vapor. Generally speaking, the permeability
is proportional to the square of the effective flow channel diameter, d,
and a constant, Kj, dependent on flow geometry and fraction voids.

The diffusion of water vapor in the gas phase occurs only when N, is
in the laminar flow region:




¥q = "€2 Dy
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LA rate of diffusional mass transfer

D, = diffusion coefficient for water vapor in air
0

). = vater vapor density = PM/RT

—

i

v
€ = void fraction

Equations (26) and (27) give the total mass flux of water vapor at any
position in the dry cake for laminar flow.

During constant-rate periods, the partial pressure gradient may be
assumed independent of time (steady state). Integration of the individual
flow equations hetween L and x, the boundaries of the dry layer, yields
the net flow rate if no change in flow mechanism occurs between the limits:

Po.Pi
Flow, molecular: w = —7—— (Ki‘m ﬂsd) (28)
Viscous POV T IS ( ’T €° 4 ng- (282)
Po=Pi E

Transitional : w Rl ES d g (NKn)J

P

vhere P, and P; are the partial pressure of watier at the free ice and dry
cake surfaces, respectively.

After the free jce is removed, iiquid diffusion mechanism must be
considered and nonisothermal unsteady state conditions are encountered
throughout the porous bed. The rate of flow per unit area by liquid
diffusion, Wp, is:

p =y GE(1-€)% 6 (29)

n

wnere Dj = diffusion coefficient for water through the solid

1}

¥ = moisture content per unit mass of dry solid at x.
6 = bulk density of dry solid

€ = void fraction
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The term containing the void fraction accounts for the fact that the area

for liquid diffusion is less than the cake cross-sectional area. Addition
of Equation (29) to the corresponding equation for vapor diffusion or bulk
flow gives the total rate of moisture flow at x. Thus, for free molecular
bulk flow, total rate of moisture movement, wy, is:

x i w

. 2P _(1.¢€)°
Wy ;cfmd.é..) (1-€) &_31,}5 (50

A water balance on thickness element, dx, of the slab is obtaired by
equating the difference between the input and the output of water to the
change in moistiure content within dx. The difference between the input
and output water is found by differentiating Equation (30) with respect
to x and multiplying by dx. .

ox (303.)
Hater content of the element is made up of the sum of the liquid and
vapor portions:

(a) Liquid water in the solid/unit cake area is equal to w¢dx

(b) Water vapor in the pores of the solid/unit area is equal to

PMY Cdx
RT

2 =
[ w € dx

The change in the moisture content of the element dx per unit cake area is

obtained by differentiating the total water content with respect to time.
The latter is then equated to the input-output of water:

B | -Empss ng)-» 61 -€)% by, (2x -2 (WO + Py €) (31)

Equation (31) is a general equation describing the mass tranafer in
the falling-rate period of freeze drying. It may be simplified if the
values of Kgp, Ag, d, €, D, and & are assumed constant with x.

22%) . L ey2 2m  _d3 o P
el ot (B 4 4 o

Graphical solutions to similar expressions have been obtained for several
boundary conditions.




F. MASS TRANSFER THROUGH THE VAPOR SPACE

Bradish§/ states that the retardation effect of the porous dry mass
above the receding ice surface of the material being dried is small. He
believes that the transfer of vapor is limited by the rate of diffusion.

Bradish§/ theorizes that the interepace gap is so short that molecules
are transferred almost without collision,; tihen the sublimation rate is
equal to the rate of vaporization at the surface of frozen material minus
the rate oi vaporization at the surface of the condenser ice.

If numerous collisions occur in the interspace, this simple difference
equation no .onger applies. It must include terms expressing proportion of
molecules which traverse the interspace, as distinct from those which
eventually condense on the surface from which they were evaporaied.

In drying systems in which evaporation and condensing surfaces are
widely separated, or in which the permanent gas partial pressure is high,
the sublimation rate is low as a consequence of the numerous molecular
collisions in the interspace.

Assuming parallel condensing and evaporating surfaces, the flow channel
between the sample and the condenser is a rectangular duct. If free
molecular flow pertains, the rate of water vapor transport, w, is:

. ab | [Pi-P
v = 8/3K 61& =y ( i c} (35)

vhere a,b = dimensions of rectangular cross section

Z = distance from condenser to cake

K = constant, dependent on ratio a/b (tabulated by CGuthrie
and Wakerling when a/b is 1/2, K is 1,151)

In the viscous region (Ngp less than 0.01), the vapor movement is controlied
either by vapor diffusion through stagnant air or by diffusion and bulk
flow under & pressure gradient. Stefan's diffusion equation described

the former case:

w=Dv W (Pi'PC)
RTZpinm (34)
Dv = diffusion coefficient for water vapor through air
MH = molecular weight of water
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T =

Z

= log mean air pressure = pc-p;/In Pc/bi
total pressure {p, + p;)

= distance from cake surface to condenser

P refers to water vapor, p to air

For ideal gases at constant T and total P, a general diffusion equation

(neglecting thermal, pressure and forced diffusion) is:

‘ ,.%' LU Dv MH &P
x YR TR oag

W=

-]
L}

U
(]

mass flux of water vapor per unit time. and area

mass flux of air per unit time and area

partial pressure of water vapor at

distance from sample surface to condensing interface

nolecular weight of air

(35)

An air material balance around the dryer shown below allows estimation of

Wa in terms of speed of vacuum pump, S, and volume rate, L, at which air is

leaked into the space bounded by dc*ted line:

Condenser

—C 1

—V;Iz;‘ WA

| I
Evaporator

Vacuum Chamber

STTH,
RT

2, R

v v e vy vy .

v —




W
(3]

Assumptions:

(a) Steady state operation (w is equal to K).
(b) Gas composition at any cross section is constant.

{c) Air only is removed by vacuum pump (condenser and trap remove all
water vapor).
(d) Total pressure of system is insignificant.

—

Therefore, air flow at € is:

- THa
W, = (5 = L) TART where A = area. (36)

Substituting this in Equation (35)

2. _Mi(S-L) (T-P)  DyME

Ty ART RT i% (362)
and

@ w1, ‘_1_(ﬁ-P)MW(S-L)}

Q_t a‘z j stag. air { VARTp (36b)

Equation (36b; &y be integrated from pj ( C = 0) to p. ( 4 = Z) to cbtain
(DY YT (Pi“Pc) Mi(s-L)iF

RTz Pim ART (37)

)

In this equation

Pc-Pi
'RTAwpc - S-L)TTP
P:{m = 1n ’{ wpc‘: M )7_7 ‘j or a modified log mean
RTAwpi « MW (S - L) TT P4 air pressure. (38)

When (S - L) = 0, £quation (37) reduces to the equation for diffusion
through stagnant air, Equation (34).

G. OVER-ALL MASS TRANSFER EQUATION

Po* _ P _ (S - L)iZPin

['s [c LvA
w= 1 1 L-x RIZPiy (39)
+ + +
r‘s 155 le ﬁc Kfm ﬂsTi MWD T




Assumpiions:

(a) Equations (21) and (21a) apply to mass transfer at subliming and
condensing interface, respectively

(b) Equation (28) applies to transport through dried cake

(¢) Equation (37) applies to vapor flow from dry cake to condenser

General Form: w = driving force / sum of resistance

Denominator includes resistances at two phase interfaces, through dried
cake and between evaporator and condenser. Free molecular flow through
cake layer and laminar flow to condenser have bsen assumed.

H. OVER-ALL MASS TRANSFER

Table III gives a summary of mass transfer resistances for all possible
mechanisms of vapor movement. The relative importance of interphase mass
transfer resistances in pure ice sublimation is shown for various total
pressures and drying rates in Figure 5. This plot is based on theoretical
calculations using Equations (21), (22), and (34) and assuming equilibrium
water vapor pressure at condenser of 20 microns (T¢* = -500C).

TABLE III. MASS TRANSFER RESISTANCES g POSSIBLE
MECHANISMS OF VAPOR MOVEMENT<

RESISTANCES
FRFE MOLECULAR
MASS TRANSFER STEP OR TURBULENT LAMIN.R OR VISCOUS
Interphase 1 1 1
(ice to water vapor) [s Bs i s As
L-x
Dry cake
(Subliming surface to L-x Dy MHE? N YPo
cake surface) Ken Ped RT Y

Evaporator to

7
RTZp1im
condenser (cake aispim
surface to condenser) 8/3 Kab /5

Interphase 11 1 1

(water vapor to ice) e Be m
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Combination of Equation (19) for heat transfer and Equation (39) for
mass transfer allows specification of temperatures in the ice cake during
the constant-rate period, since tg (or Tg#*) and Pg* are--an-equilibrium
pair., Effecti of Ry, dry cake mass trans%er resistance on subliming inter-
face temperature, is shown in Figure 6.

The possible fireeze-drying mass transfer driving forces and resistances
are:

Driving Force Resistance

Watar vapor partial pressure dif- Resistance to mass transport at

ference betwsen evaporator and the subliming interphase
condenser
Bulk flow of gas to pumping Diffusional or flow resistance

through dry cake above interface.
Transpert by natural convection Diffusional resistance to water

veapor flow afforded by inert gas

between evaporator and condenser

Entrainment of ice particles Resistance to interphase transfer
by moving gas streanm at the condenser

Thermal diffusion
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v 200 0.5
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Figure 6. Dry-Cake Mass Transfer Resistance as a Function of Subliming
Interface Temperature at Various Total Pressures and Mass

Transfer Rates.




IIXI. SAMPLE CALCULATION

Given a freeze dryer heated by conduction. The condenser-to-evaporator
spacing is 0.5 foot. The evaporator area is 20 square feet. The refrig-
erated plate condensers vhich are maintained at -40°F are used to dry a
one-.ach-thick slab. The cake is in perfect thermal contact with the tray
bottom. The material thaws at +2°F. The maximum allowable temperature is

0°F.
Calculate:

1. Maximum possible drying rate and heat input if P = 10004
2, Calculate tg or Tg* and Jr if the total heat input is set at 16,300
Btu's per hour.

Neglect the dry cake resistance and assume that the thermal conductivity of

s 4 s Btu . .
the material is 1.5 hrftofp. The relationship between vapor pressure and

temperature is the same as that for water, and the dryer efficiency is 75
per cent, Assume that the ice layer recedes uniforaly into the cake.

Solution to 1.

Assume A g W = 150 Btu/nr ft2

s WL

.S 1 1

t.-t_ = = 150 x — = 8' !
i™s * Y] 12 1.5 83T

S

The corresponding drying rate is 0.130 1b/hr £t2 or the calculated value
of Asi= (AW calc = 0.130 x 1220 = 156 Btu/hr ft-. Since the first
approximation was 150 Biu/hr ft2, we.get

w = 0,130 1b/ar ft2 = 2.5 1b/hr.
The true amount of heat added is

156 Btu/hr £¢2 = 208 Btu per hr ft2
0.75

or 208 Btu 2
— x 20 £t° = 418 .
2 * 0 Btu/hr,

[ S

— me—— — -




T st T

Solution to 2.

The value of the initial evaporating surface temperature, tg, is again
found using

Eg L
sr T
0.75 x 16,300
tg = =t 4 = -340F

1.5x12 x 20

The vapor pressure of water at the subliming interface, P, is found

p Pg¥ Pg¥*
o~ W\ E
[+ - = [2 -7
1b

ﬁs = 118.5 1 He £t2 hr
Ps* = 0.140 mn Hg

2
W = P* £ = 16.61 1b/ft* hr

Eq  0.75 x 16,300
W=s = 1m0 %7 " 05 10/etE b

[s = 0.982

P, = 0.140 x (1-0.030)/0.982 = 0.138 mn Hg.

Similarly, the partial pressure of water at the condenser interface
is computed to be 0.104 mm Hg. The total pressure is then calculated,
neglecting bulk flow.

Rearranging,
2.334
{0.8525) (492) (18)(0.138-0.104)

Fin = (0.7302)(426)(0.5)(0.5) = 0.005 mn He

vhere the value of T has been taken as equal to the evaporator interface
temperature. The total pressure is calculated from the log msar air
pressure as foliows:

39
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b .—tofe _0.138-0108 o
Im™, T-Pc g W-o0.08 0 E
- P - 0.138

When this equation is solved for I , we get 1T = -0,138 mm Hg.

Calculation of Drying Time

Calculate the drying time for the material in the above problem, if the

critical moisture is known to be 1.5 1b Ho0/1b solid. Drying tests indicate
that the rate is proportional to the moisture content for the entire falling-
rate period. The in%tial solids content is 10 per cent; the bulk density of
product is six 1b/ft°, and the final moisture of the product is one per cent.

_ _ /\s (Ho-l}c) 1 ﬁ
A= Bc+ ef‘IJé ‘_15___.+alnﬁf

where "a" represents the slope of the rate vs moisture curve

Slope "a" is estimated by the relation

Wic = Eﬂ— = a ﬁc
s
or J = Eq = 0.75 x 16,300 _0.33 1b solid
As Fic 1220 x 1.5 x 2.0 £t2 hr

After substitution into the equation for the tetal drying time, we cbtain:

(1)(6) |(1220)(9.0-1,5)(20) 1.50
6="(12) (0.75)(16,300) |~ 317 0.1 = 15 hours.

These sample calculations illustrate the use of the equations developed
earlier, particulaily Equations (19) and (38). The heat and mass transfer
for conductive freeze-drying and the resistances connected with this type
are considered in these relationships. The theoretical rates and times
determined here were subsequently verified experimentally and good agree-
ment was obtained.




IV. CONCLUSIONS

The principles of freeze drying are relatively receut in origin and
are published in a variety of research areas. This report presents those
principles governing freeze-drying rates of heat and mass transfer, and
defines them in practical terms.

Some of these principles are:

(a) Primary factors which determire subliming interface temperatures
are absolute total pressure and the mass transfer resistance of the dry
solid above the evaporating surface. During the drying of substances
containing solids the equilibrium vapor pressure is usually greater than
the total pressure, but approaches it as the resistance to vapor flow
through the residual solid above the interface decreases.

(b) The rate of drying is determined by the dryer efficiency and heat
input to the evaporator. When drying slabs, the heat of sublimation must
be conducted through the frozen layer. Therefore, heat input and slab
thickness govern the rate of drying; the total pressure and conductivity
determine the drying temperature level.

(c) The drying time per unit mass is greater for pellets than for
slabs. The temperature control in a bed of pellets is more difficult.
Even though drying occurs throughout the pellet bed, these two factors
are related. Since the outer surface of any pellet dries first, the heat
necessary for sublimation during later stages must pass through this dry

-exterior. Thermocouples tend to yield erroneous measurements unless

properly located, and the heat input must be reduced earlier to avoid
overdrying of the already dry exterior of any pellet, thus increasing
the drying time. These same considerations preciude the use of radiant
heat in a freeze-drying operation, because penetration of radiant energy
into frozen samples is small and heat inputs must be kept low to prevent
overdrying or uneven drying of the materials.
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GLOSSARY

All basic symbols, subscripts and superscripts used in this memorandum
are defined here except for a few terms used only in limited contexts.

The latter are defined in conjunction with tbkeir use.

Where a symbol is

shown as having more than one meaning, the context will indicate which
definition is pertinent. The primary dimensions listed have the following

meanings:
L = length
M = mass
G = time
T = temperature
F = force
Q = energy
SY4BOL MEANING
a "slope" constant from rate vs moisture curve
A area
B wall or film thickness
c heat capacity

concentration per unit mass

c cake conductivity

D diffusion coefficient

E dryer efficiency

F volume flow rate

g acceleration of gravity

h heat transfer coefficient

J "trangitional" flow correction

k thermal conductivity

K ngeometric" factor for noncircular flow channel

PRIMARY
DIMENSIONS

M/L2Q
12
L
QM(AT)
(unit) M
ML/
L2/9
L3/
1/0?
Y A ITAY))

o/t (A1)




SYMBOL

[veml

Hor MW

N

¥

MEANING
molecular free path
cake thickness
characteristic length

molecular weight

dimensionless number

partial pressure of air

partial pressure of water

rate of energy transfer per unit area
heat content per unit volume

radius

outside radius

gas constant

neat or mass transfer resistances
pumping speed

condensed phase temperature

zas tamperature (degrees absolute)
velocity

volume

rate of mass transfer per unit area
moisture content per mass of dry solid
variable distance in ice or solid

distance from cake surface to condenser

PRIMARY
DIMENSIONS

L
L
L

M/mole

F/L?
F/L2
Q/L
/130
L
L
FL/T(mole)
L2(AT1)8/a or FO/M
¥4
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HEANING
function defined by Equation (21a)
difference
function defined by Equation (2)
latent heat per unit mass
kinematic viscosity
absolute viscosity
ratio of liquid to ice density
toral pressure
function defined by Equation (8)
bulk density of solid
true density
accommodation coefficient
time
void fraction
cake permeability

variable surface from cake surface to gas phase

PRIMARY
DIMENSIONS

O/

M
/140
/LG

F/LZ

/L3

/L3

t= <



SUBSCRIPT

a
b
c

o

= =

=

b

Gr
Nu

Pr

bf
fm

MEANING ¢

container

condenser

conduction

constant rate

critical

diffusion

effective

evaporator

produced or generated
fusion

falling rate

final

heat transfer

ice

ice=container interface gas at the cake surface
liquid or liquid phase
mass transfer

maximum

dry cake or material
initial or datum

gas at the subliming interface orifice
refrigerant

solid

sensible

sublimation or subliming interface
vapor

value at pesition x
water

latent heat

heating medium

Grashof

Knudsen

Nusselt

Prandtl

Reynolds

log mean

bulk flow

free molecular
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_SUPERSCRII_’I MEANING
(x) average or mean (x)
*

equilibrium value

FUNCTIONAL NOTATION

1 X
erfcy = 27T1/2 f e"xz dx, the error integral
(o}

=y
~Ei(-y) = [ Y dy , the exponential integral
dego Y




